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Abstract

This paper presents a general and systematic methodology, termed complete simulation-based sequential quadratic programming

(CSB-SQP), for determining the optimal control of building HVAC&R systems. This approach allows the coupling of a detailed

simulation program with an efficient optimization method, namely the sequential quadratic programming (SQP) algorithm. This

approach allows the use of accurate component models of the system as against empirical models as currently used, while providing

efficient optimal solutions to be determined. We develop the mathematical basis of the methodology and apply it to a simple cooling

plant system to illustrate the accuracy, efficiency and robustness of this method. The issue of implementing such an optimization

under real-time control is also discussed.

r 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Over the last three decades, there has been consider-
able amount of interest in developing effective building
operation strategies to achieve maximum energy sav-
ings. Various optimal or near-optimal operating strate-
gies, associated both with and without building thermal
mass and thermal energy storage systems, have been
investigated for different types of building HVAC&R
systems. The control strategy to optimally operate
building HVAC&R systems can be divided into two
broad categories whose relationship is shown in
Fig. 1 [1]:
(1)
 Deciding on best operating mode: This involves
determining the type and the number of equipment
to be run (such as chiller, cooling tower, condenser
water and chilled water pump, etc.) which would
meet the load and comfort requirements while
e front matter r 2004 Elsevier Ltd. All rights reserved.
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consuming the minimum energy. Such a scheduling
problem can be viewed as an integer-programming
problem with the control variables being the specific
combination of equipment to be operated. An
important operating mode is the sequencing of
chillers, cooling towers and pumps. The sequencing
defines the order and conditions associated with
bringing equipment online or moving them offline.
(2)
 Deciding on optimal set point for local-controllers:
This is generally a nonlinear programming problem.
The potential energy saving from optimal set point
control is due to the fact that at any given time and
operating mode, cooling load may be met by
different combination of the control variables set
points. However, only one set of control set point
results in minimum energy consumption of the
system. As is well known [1], there exists a tradeoff
between energy consumption of different equipment
in a HVAC&R system that in its wide sense consists
of a primary plant and air distribution sub-systems.
For example, consider the condenser water loop.
Increasing the fan speed of the cooling tower
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Nomenclature

AUcd;AUev condenser, evaporator overall heat-
transfer coefficient, W/1C

COP coefficient of performance
Mair cooling water air mass flow rate, kg/s
Mchw chiller water mass flow rate, kg/s
Mcw cooling water mass flow rate, kg/s
mR refrigerant mass flow rate, kg/s
Pch chiller power consumption, kW
Pfan cooling tower fan power consumption, kW
Ppump condenser water pump power consumption,

kW
Ploss electromechanical losses, kW
Qcd condenser heat transfer, kW

Qev evaporator heat transfer (cooling load), kW
T cdwi condenser water inlet temperature, 1C
T cdwo condenser water outlet temperature, 1C
T chwi chilled water inlet temperature, 1C
T chwo chilled water outlet temperature, 1C
T ctai cooling tower air inlet temperature, 1C
T ctao cooling tower air outlet temperature, 1C
Twb ambient wet bulb temperature, 1C
T cwi cooling water inlet temperature, 1C
T cwo cooling water outlet temperature, 1C
gpump relative speed of the condenser water pump

(actual/rated)
gfan relative speed of the cooling tower fan

(actual/rated)

 p
op
min

pr
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increases fan power, but reduces chiller compressor
power because the condenser water inlet temperature
is decreased. In the chiller water loop, increasing the
chilled water set point temperature reduces chiller
power but increases pump power because a greater
flow rate is needed to meet the load. Increasing the
building supply air set point increases fan power but
decreases chilled water pump power. For air
distribution loops with variable air volume (VAV)
system, increasing the supply air set point reduces
chiller power since the required cooling decreases,
but on the other hand increases the fan power.
Some studies used a different approach to solve the
problem of determining an optimal control strategy. The
state of knowledge to date relating to the operational
start

input parameters and initial control
variables

assume an initial operating mode

erform set point optimization,  find the
timial set point of control variables and
imum energy cost at current operating

mode

Have all operating modes been
evaluated?

perform operating mode
optimization, select another

operating mode

 stop

int result: optimal operating mode and
set point

no

yes

Fig. 1. Two-level optimization.
strategies that use building HVAC&R system dynamics
and interaction for reducing energy use is summarized
by Hackner et al. [2], while Septhmann [3] investigated
the optimized control sequencing of multiple chillers
using an analysis involving part load energy character-
istic for individual chillers. Some common control
strategies for minimizing the electrical energy costs of
a centrifugal chiller plant which consider the tradeoff
among various energy-consuming equipments are de-
scribed in [4]. The study by Cumali [5] applied global
optimization techniques to determine optimal control
and operation strategies in real time on a large scale for
several buildings. His study found: (i) that the projected
and/or augmented Lagrange multiplier methods did not
perform well because of the equality constraints used in
the problem formulation; and (ii) the generalized
reduced gradient method appears to provide consistent
results if one starts with a feasible solution. Braun [6]
proposed both optimal and near-optimal algorithms for
calculating the best values of the independent control
variables based on the assumption that the energy cost
of each equipment and that of the whole system can be
well approximated by a quadratic functions. An
algorithm based on an open-loop control equation in
terms of the total chiller-water cooling load to determine
the near-optimal operating sequence of cooling towers is
proposed in [7], while Olson [8] developed an optimiza-
tion model for a chiller plant with three chillers and four
cooling tower cells, and solved it by using sequential
quadratic programming along with heuristic approach
to explore discrete equipment alternatives for deciding
on the best operating mode of the entire system. His
results show that the computation can be reduced
significantly by this approach. Austin [9] proposed a
method of establishing part load energy characteristics
for individual chillers, which was used to better control
multiple chiller plants. Koeppel et al. [10] used a
global optimization algorithm (specifically simulated
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annealing) to determine the optimal supervisory control
strategies for an absorption chiller system. The results
indicated that simulated annealing is a robust method
for optimization which can accommodate non-linear
performance characteristics and discontinuous control
functions. Chow [11] proposed a new concept of
integrating neural network and genetic algorithm for
system-based control of an absorption chiller system.
2. Problem statement and objective

The system optimization problem can be viewed as an
extension of the system simulation problem. Effectively
meshing optimization algorithms with system simula-
tion requires more than just an optimization code and a
system simulator containing the system model. Most
studies have treated the simulation as a ‘‘black box’’
from which function and constraint values can be
obtained for a set of control variables. A general way
is to implement a complete simulation in the inside loop
(deciding on optimal set point) for evaluating the
objective function and constraints of the optimization
problem. The control variables are specified by the
outside optimization loop. Most studies adopt a system
optimization strategy that involved fitting simple models
to experimental data, or to data generated from a
rigorous model, and then applying an optimization
algorithm only to the simplified models. This approach
can usually guarantee convergence of even the most
complex optimization algorithm in the outside loop
(deciding on best operating mode). However, a non-
optimal solution could be obtained. This is because the
termination criteria for simulation and optimization
problems are different. The former is based on function
values, while the later is based on the gradient of the
objective function and constraints. Using the simplified
models that have function gradients different from those
of the rigorous models can lead to a situation where the
optimality conditions are satisfied at non-optimal
points.

Building HVAC&R systems are often large compli-
cated nonlinear systems that consist of many strongly
coupled subsystems. The accuracy and reliability of
optimal supervisory control strategies depend strongly
on the accuracy of mathematical models for describing
the system and the method used for finding the optimal
control variables. Hence, it is necessary to apply the
rigorous model in the inside simulation loop. The
disadvantage of this approach is that the rigorous
model is often difficult to differentiate analytically.
Sometimes the derivative information can only be
obtained by perturbation methods that are extremely
time consuming, and hence, hinder the implementation
of advanced optimization algorithms in the outside
loop. So the direct search method which does not use
derivative information, such as the Hooke and Jeeves
method, random walk algorithm, etc., is often used to
solve for optimization even though it is less computa-
tionally efficient.

This paper will develop a systematic methodology for
modeling the set point optimization problem and
solving it by effectively applying a derivative-based
optimization algorithm (namely, sequential quadratic
programming [12]) coupled with a rigorous simulation
model that can guarantee both accuracy and conver-
gence. The efficient strategy to evaluating the function
and derivative information from the complete modular-
based system simulation is also presented in this paper.
The algorithm to couple the complete modular-based
system simulation and sequential quadric programming
method is described. The accuracy, efficiency and
robustness of this methodology are illustrated by
applying it to a simple cooling plant system. How to
implement the proposed optimization strategy under
real-time control is also addressed.
3. Mathematical modeling

3.1. Description of system layout

Fig. 2 depicts a typical building HVAC&R system
that consists of two sub-systems: (i) cooling plant, and
(ii) air distribution system. The cooling plant consists of
two water loops: condenser water loop and chilled water
loop. These include chillers, cooling towers, condenser
water pumps, chilled water pumps, and auxiliary
equipment. Chillers are often arranged in parallel and
water pumps are often operated by dedicated controls
which cycle each pump on and off in conjunction with
the chiller that it serves. The cooling tower cells are also
in parallel and share a common sump with individual
multi-speed or variable speed fans. The air distribution
system includes air-handing units, terminal units and
some auxiliary equipment. An air-handing unit consists
of a cooling coil, dampers, fan and controls. The cooling
load from the building is carried by the cold airflow
through the cooling coil, where it is transferred to chilled
water then to the chiller plant. There it is passed on to
the condenser water, so that it might finally be rejected
to the ambient air.

Because the plant optimization problem is an exten-
sion of the plant-simulation problem, the solution
method for the simulation process will significantly
affect the optimization process. At the system level, the
simulation process involves solving a set of nonlinear
equations that can be organized in different ways.
Two main methods, equation-oriented simulation
and sequential modular simulation [13] are used widely
in engineering. The sequential modular simulation
approach represents the system as a collection of
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Fig. 2. Schematic of a typical building HVAC&R system.
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modules in which the equations representing each
subsystem or piece of equipment are coded so that a
module may be used in isolation from the rest of the
plant. The equation-oriented simulation is to combine
all the equations into a large system of nonlinear
equations, which provides flexibility for implementing
an efficient and sophisticated optimization algorithm.
However, it is difficult to build a complex simulator to
derive the solution procedure and handle large sets of
equations simultaneously. Additionally, the compu-
tation cost of this approach often becomes unaccepta-
ble. Although less flexible, the sequential modular
simulation approach is easy to construct and to under-
stand while allowing the means of incorporating
new modules for modeling more complex system
without changing the overall solution strategy.
Thus, the sequential modular simulation is much more
widely used by building HVAC&R system-simulation
software.

3.2. Definition of a module

A module is defined as a model of an individual
element in a system that can be coded, analyzed,
and debugged by itself. The general diagram (Fig. 3)
for a module consists of an input variable vector ðuÞ;
input parameter vector ðpÞ; output variable vector ðyÞ

and the mathematical relationship between the input
and output (f ).

In a building HVAC&R system, certain software
programs (such as TRNSYS [14], DOE-2 [15]) use the
sequential modular-simulation algorithm and define
modules for chiller, cooling tower, cooling coil, heat
exchanger, pump, fan, flow mixer, valve and so on. For
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example, a centrifugal chiller [16] can be defined
following Fig. 3 as

u ¼ ½Mchw;T chwi;Mcw;T cdwi�;

y ¼ ½Qev;Tchwo;Qcd;Tcdwo;mR;Pch;COP�;

p ¼ ½AUev;AUcd;Ploss; . . .�:

where the symbols are defined in the nomenclature. For
building HVAC&R system optimization, a more de-
tailed definition of a module is needed (see Fig. 4). First,
we need to distinguish between the input connection
variable x and input control variable u: Second, we
need to distinguish between the output connection
variable y linking this module to other modules,
and output-dependent variable d which is used to
evaluate the objective function and/or the con-
straints. The connection relationship between different
modules also needs to be specified in the definition
of the module. Thus, the general module diagram
for the system optimization is given by Fig. 4 for module
i assuming modules k . . . l to be upstream and modules
m . . . n to be downstream, Xi ¼ Input connection
vector of module i; Xi ¼ ½xik . . . xil �

T: The connection
vector from module k to module i ðxikÞ is re-expressed as
xik ¼ x1

i ¼ ½x1
i;1 x1

i;2 . . . x1
i;Nk

�T in order to account for
different quantities such as temperatures, mass flow rates,
enthalpies, etc.

Similarly,
Connection vector from module l to module i ¼

x
Ni;in

i ¼ ½x
Ni;in

i;1 x
Ni;in

i;2 . . . x
Ni;in

i;Nl
�T;

Ni;in is the number of input connection variables for
module i:

Finally, Xi ¼ ½x1
i x

2
i . . . x

Ni;in

i �T ðk; l 2 f1; 2 . . . Ng

and k; laiÞ;
N is the total number of modules in the system.
Similarly,
Yi ¼ Output connection vector of module i;
Yi ¼ ½yim . . . yin�

T ¼ ½y1
i . . . yNi ;out

i �T ðm; n 2

f1; 2 . . .Ng and m; naiÞ;
Connection vector from module i to module m ¼

y1
i ¼ ½y1

i;1 y1
i;2 . . . y1

i;Nm
�T;

Connection vector from module i to module n ¼

y
Ni;out

i ¼ ½y
Ni;out

i;1 y
Ni;out

i;2 . . . y
Ni;out

i;Nn
�T;

Ni;out is the number of output connection variables
for module i:
ui ¼ Design or control variable vector of module i ¼

½ui;1 . . . ui;Nu
�T;

Nu is the number of input control variables for
module i:
pi ¼ Physical parameter variable vector specific to

system representing module i ¼ ½pi;1 . . . pi;Np
�T;

Np is the number of parameters for modules i:
di=Dependent variable vector of module i ¼

½di;1 . . . di;Nd
�T;

Np is the number of dependent variables for module i:
When the parameter variables pi are fixed for each

module i; the output variables including the output
connection variables Yi and dependent variables di are
function of input variables, including both control
variables and input connection variables.

Yi ¼ Yiðui XiÞ; (1)

di ¼ diðui XiÞ: (2)
3.3. System and system diagram

As described in Section 3.1, a typical building
HVAC&R system consists of several loops (condenser
water loop, chilled water loop and air distribution loop).
Fig. 5 shows an elementary modular-based topology of
such a system. The large-scale building HVAC&R
system can be represented by a combination of
elementary modular-based diagrams. The main purpose
of optimal design or control of a HVAC&R system is to
save energy. The energy consumed by a HVAC&R
system (usually in the form of electricity, oil and natural
gas) can be viewed as the objective function of the
optimization problem. The objective function Ji can be
formulated for each module as a function of input
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Fig. 5. Elementary topology of a building HVAC&R system.
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variables.

Ji ¼ Jiðui diÞ ¼ Jiðui diðui pi Xi YiÞÞ: (3)

The total energy consumption for the whole system is
the sum (or weighted sum in case of different fuels) of
energy consumption of each module, and is often the
performance index for system optimization.

J ¼
X

i

Jiðui diÞ ¼ Jðu dÞ: (4)

The inequality constraints associated with the building
HVAC&R system are mainly bound or range con-
straints. For example, the condenser supply temperature
is bounded by upper and lower limits due to the input
status and weather condition. A general equation can be
used to express such an inequality as,

gðu; dÞp0: (5)

There are two different types of equality constraints.
One is the equality constraint given by,

hðu; dÞ ¼ 0: (6)

The other is the system constraint which represents mass
and energy balance of either the various modules or at
different locations of the system. These are represented
by a set of algebraic equations which for module i is
given by

f iðui Xi di YiÞ ¼ 0: (7)

Substituting Eqs. (1) and (2) into Eq. (7) yields

f iðui Xi diðui XiÞ Yiðui XiÞÞ ¼ 0 (8)

with reduces to,

f iðui XiÞ ¼ 0: (9)

Thus, for the whole system, the system equality
constraint can be expressed as

f ðu XÞ ¼ 0: (10)
In order to represent the connection relationship of
all modules in the system, a relevant binary matrix
R is defined according to the system topology
which specifies the relationship between output stream
variable vector yij of one module and the input stream
variable vector xji of the module immediately down-
stream.

Y ¼ RX; (11)

where X ¼ ½X1 X2 . . . XN �
T Y ¼ ½Y1 Y2 . . . YN �

T:
For example, for the system represented by Fig. 5,

X ¼ ½X1 X2 X3 X4 X5�
T

¼ ½x1
1 x

1
2 x

2
2 x

1
3 x

1
4 x

1
5�

T

¼ ½x14 x21 x25 x32 x42 x53�
T;

Y ¼ ½Y1 Y2 Y3 Y4 Y5�
T

¼ ½y1
1 y

1
2 y

2
2 y

1
3 y

1
4 y

1
5�

T

¼ ½y12 y24 y23 y35 y41 y52�
T:

The relevant matrix R for the system then is given by

R ¼

0 I 0 0 0 0

0 0 0 0 I 0

0 0 0 I 0 0

0 0 0 0 0 I

I 0 0 0 0 0

0 0 I 0 0 0

2
666666664

3
777777775
; (12)

where I is the identical matrix whose dimension is
dependent on the dimension of the correspondent
variable vector.
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4. Proposed CBS-SQP algorithm

As discussed earlier, the optimization problem can be
formulated as

min Jðu; dÞ ¼
X

i

Jiðui; diÞ (13)

s:t: gðu; dÞp0; (13a)

hðu; dÞ ¼ 0; (13b)

f ðu XÞ ¼ 0; (13c)

Eq. (13c) applies to the simulation problem where the
function and gradient information of the objective
function and constraints needs to be provided to the
optimization problem. Because the gradient information
is relatively difficult to obtain, the tradition approach is
to use gradient-free optimization algorithms. A penalty
function approach can be used to transfer the original
optimization to a non-constrained problem. However,
the computation cost of this approach may be unac-
ceptable. It is necessary to find an efficient method to
derive the function and gradient information from
the simulation process which can be employed to reduce
the computation cost, and increase accuracy and
speed the convergence. Such an efficient approach to
couple the module-based simulation process with
a sophisticated optimization algorithm is presented
below.

The dependent variable ðdÞ can be calculated by the
simulation program where the design or control variable
ðuÞ is specified. Thus, the objective and constraints given
by Eq. (13a)–(13c) can be expressed as implicit functions
of design or control variable ðuÞ: The optimization
problem is rewritten as,

min �JðuÞ (14)

s:t: �gðuÞp0; (14a)

�hðuÞ ¼ 0: (14b)

For solving the above nonlinear optimization problem,
two methods, namely sequential quadratic program-
ming (SQP) and generalized reduced gradient (GRG),
have proven to be most efficient and robust [17]. In this
paper, we have selected SQP since it requires relatively
few function and gradient evaluations, and is suitable
for optimizing systems whose behavior is strongly
nonlinear. The central basis of the SQP method is to
converge to the solution by sequentially solving a
quadratic problem that approximates the original
problem.

The Lagrangian function for the above-optimization
problem is given by

Lðu;a; bÞ ¼ �JðuÞ þ aT �gðuÞ þ bT �hðuÞ: (15)
The stationary condition for the Lagrangian of this
problem with respect to the optimal conditions u
; a


and b
 is:

rLðu
;a
; b
Þ ¼ 0: (16)

The SQP method uses Newton’s method to update u; a
and b as follows:

rLT
kþ1 ¼ ½rLðuk þ @uk;ak þ @ak; bk þ @bkÞ�

¼ rLT
k þ r2Lkð@uk; @ak; @bkÞ

T: ð17Þ

Setting rLT
kþ1 ¼ 0; we have,

r2Lk

@uk

@ak

@bk

0
B@

1
CA ¼ �rLT

k : (18)

Also,

r2Lk 

r2
uuL r2

uaL r2
ubL

r2
auL r2

aaL r2
abL

r2
buL r2

baL r2
bbL

0
BBB@

1
CCCA

k

¼

r2 �J þ aTr2 �ga þ bTr2 �h r �gT
a r �h

T

r �ga 0 0

r �h 0 0

0
BB@

1
CCA

k

;

ð19Þ

where �ga is the active inequality.
The RHS of Eq. (18) can be written as,

rLk ¼ ðr �J þ aTr �ga þ bTr�h �ga
�hÞk: (20)

So, substituting Eqs. (19) and (20) into Eq. (18)
yields,

r2 �J þ aTr2 �ga þ bTr2 �h r �gT
a r �h

T

r �ga 0 0

r �h 0 0

0
BB@

1
CCA

k

@uk

@ak

@bk

0
BB@

1
CCA

¼ �

r �J þ aTr �ga þ bTr �h

�ga

�h

0
BB@

1
CCA

k

: ð21Þ

Setting,

H ¼ r2 �J þ aTr2 �ga þ bTr2 �h;

@uk ¼ ukþ1 � uk ¼ sk @ak ¼ akþ1 � ak

@bk ¼ bkþ1 � bk:
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We get,

H r �gT
a r �h

T

r �ga 0 0

r�h 0 0

0
BB@

1
CCA

k

sk

akþ1

bkþ1

0
BB@

1
CCA

¼ �

r �J
T
þ aTr �ga þ bTr �h

�ga

�h

0
BB@

1
CCA

k

: ð22Þ

Solving the above equation iteratively for ukþ1 ¼ uk þ

sk; akþ1 and bkþ1 should eventually lead to an optimal
solution set (u
; a
 and b
). The equation may be viewed
as the Karush–Kuhn–Tucker (KKT) conditions for the
following quadratic model:

min
k

Jk þ ruLT
k sk þ

1
2
sTkHksk (23)

s:t: r �h
T

k sk þ
�hk ¼ 0; (23a)

r �gT
k sk þ �gkp0; a 2 D where D is the active set:

(23b)

In order to maintain the Hessian matrix Hk positive
definite at each iteration, an approximation matrix Bk is
used to replace H: Broyden–Fletcher–Goldfarb–Shanno
(BFGS) formula [18] can be used to update the Bk in the
following manner:

sk ¼ ukþ1 � uk; (24)

zk ¼ ruLðukþ1; akþ1; bkþ1Þ � ruLðukþ1;ak; bkÞ: (25)

Let,

y ¼

1 ðskÞTzk
XgðskÞTBksk;

ð1 � gÞðskÞTBksk=

½ðskÞTBksk � ðskÞTzk� ðskÞTzkogðskÞTBksk;

8><
>:

(26)

where 0:1pgp0:2

zk ¼ yzk þ ð1 � yÞBksk; (27)

Bkþ1 ¼ Bk þ
zkðzkÞ

T

ðzkÞ
Tsk

�
BkskðskÞ

TBk

ðskÞ
TBksk

: (28)

In order to find a step size l by linear search technique,
an exact penalty [18] function is defined as,

FdðuÞ ¼ F ðuÞ þ d
X

i

jhiðuÞj þ
X

i

jmaxf0; giðuÞgj

" #
:

(29)

The derivate information described by r �J;r �g and r �h
can be obtained from the complete simulation program.
At each iterative point, a simplified system model is
constructed for updating the objective function and
constraints. For obtaining the simplified system model,
each module of the system needs to be simplified first.
For example, at iteration point ðuk

i X
k
i Þ; Taylor expan-

sion can be used to approximate the module model

Yiðu
k
i þ Dui; X

k
i þ DXiÞ

¼ Yiðu
k
i ;X

k
i Þ þ

@Yi

@ui

Dui

þ
@Yi

@Xi

DXi þ ðDuiÞ
T @2Yi

@u2
i

Dui

þ ðDXiÞ
T @2Yi

@X2
i

DXi þ ðDuiÞ
T @2Yi

@ui@Xi

DXi

þ 0 ðDuiÞ
3; ðDXiÞ

3; . . .
� �

; ð30Þ

diðu
k
i þ Dui; X

k
i þ DXiÞ

¼ diðu
k
i ; X

k
i Þ þ

@di

@ui

Dui

þ
@di

@Xi

DXi þ ðDuiÞ
T @2di

@u2
i

Dui

þ ðDXiÞ
T @2di

@X2
i

DXi þ ðDuiÞ
T @2di

@ui@Xi

DXi

þ 0ððDuiÞ
3; ðDXiÞ

3; . . .Þ: ð31Þ

The quadratic approximation model is given by

DYi � AiDui þ BiDXi þ DuT
i OiDui

þ DXT
i PiDXi þ DuT

i QiDXi; ð32Þ

Ddi � CiDui þDiDXi þ DuT
i RiDui

þ DXT
i SiDXi þ DuT

i TiDXi ð33Þ

and the linear approximation model is

DYi � AiDui þ BiDXi; (34)

Ddi � CiDui þDiDXi: (35)

Although quadratic models have higher accuracy than
linear models, the added computational expense often
make them unsuitable. So linear approximation has
been applied in this study. The coefficient matrix can be
obtained by numerical perturbation.

Ai ¼
@Yi

@ui

¼

@y1
i

@ui;1

@y1
i

@ui;2
. . .

@y1
i

@ui;n1
. . . . . . . . .

@yj
i

@ui;k

@y
Ni;out

i

@ui;1

@y
Ni;out

i

@ui;2
. . .

@y
Ni;out

i

@ui;Nu

2
6666666664

3
7777777775
; (36)

where

@yj
i

@ui;k
¼

@y
j
i;1

@ui;k

@y
j
i;2

@ui;k
. . .

@y
j
i;Nj

@ui;k

" #T
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start

give an initial input variable

perform complete simulation to evaluate the objective function and constraints

construct the relevant matrix R according to the system topology

perturb each module at current point to estimate the module coefficient matrix
Ai, Bi, Ci, Di

combine the current coefficient matrix and relevant matrix to calculate  system
coefficient matrix G

evaluate the gradient of the objective function and constraints with eq (43)

solve the quadratic subproblem at current point  to obtain the search directon

calculate the optimal stepsize by using linear search with exact penalty function as
objective function

estimate the new iteration point

stop

print results

update the approximation matrix B by using BFGS formula

Test for convergence
yes

no

Fig. 6. Optimization procedure of CSB-SQP algorithm.
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and

Bi ¼
@Yi

@Xi

¼

@y1
i

@x1
i

@y1
i

@x2
i

. . .
@y1

i

@x
Ni;in

i. . . . . . . . .

@yj
i

@xk
i

@y
Ni;out

i

@x1
i

@y
Ni;out

i

@x2
i

. . .
@y

Ni;out

i

@x
Ni;in

i

2
66666666664

3
77777777775
; (37)
where

@yj
i

@xk
i

¼

@y
j
i;1

@xk
i;1

@y
j
i;1

@xk
i;2

. . .
@y

j
i;1

@xk
i;Nk

. . . . . . . . .

@y
j
i;Nj

@xk
i;1

@y
j
i;Nj

@xk
i;2

. . .
@y

j
i;Nj

@xk
i;Nk

2
666664

3
777775:

Coefficient matrix Ci;Di can be calculated similarly. For
each module of the system, a linearly approximated
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Tcdi

Tcdo

Tower
Cooling

Tai

Tao

mair

mcw

mchw

Tevo

Tevi

Chiller
Pfan

Pcomp

Ppump

Fig. 7. Schematic of building HVAC&R system.

Table 1

Design parameters

Parameter Value

Chiller design cooling load Qev 1126:4 kW ð320 tonsÞ

Chilled water mass flow rate Mchw 32kg=s ð507GPMÞ

Chilled water inlet temperature T cdwi 15.6 1C (60 1F)

Chilled water outlet temperature T chwo 7.2 1C (45 1F)

Condenser water mass flow rate Mcw 45kg=s ð713GPMÞ

Condenser water inlet temperature T cdwi 24 1C (75 1F)

Condenser water outlet temperature T cdwo 29.4 1C (85 1F)

Cooling tower air flow rate Mair 35 kg=s ð555GPMÞ
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model can be obtained. Thus, for the entire system, the
linearized model can be expressed as,

DY ¼ ADuþ BDX; (38)

where

A ¼

A1

A2

. .
.

AN

2
666664

3
777775 and

B ¼

B1

B2

. .
.

BN

2
666664

3
777775:

The system structure and the connection between the
modules can be represented by a relevant matrix R as
shown in Eq. (12). Then, we get,

DY ¼ RDX: (39)

Combining Eqs. (38) and (39),

ðR� BÞDX ¼ ADu (40)

and, thus,

DX ¼ ðGAÞDu; (41)

where G¼ ðR�BÞ�1 or G¼ ðR�BÞTðR�BÞ
� ��1

ðR�BÞT

when ðR� BÞ is singular.
Eq. (41) can be rewritten as,

DXi ¼
X

j

GijAjDuj : (42)

Substituting Eq. (42) into Eq. (35) yields,

Ddi � CiDui þDi

X
j

GijAjDuj : (43)

Now, we can calculate the derivate of
ruJðu; dÞrugðu; dÞruhðu; dÞ as

ruciðu; dÞ ¼
@c
@uk

¼
cðuk þ Duk; dk þ DdkÞ � cðuk; dkÞ

Duk

;

(44)

where c ¼ fJ; g; hg:
The computational algorithm describing the above

methodology is shown in Fig. 6.
5. Case study

5.1. Generation of control map

We shall illustrate the approach described previously
by assuming a simplified building cooling system shown
in Fig. 7. The system consists of one centrifugal chiller,
one cooling tower and a variable speed condenser water
pump. The nominal system parameters are given by
Table 1.

In this study, the condenser water inlet temperature
T cdwi; the relative speed of the condenser water
pump gpump (which determines condenser water mass
flow rate Mcw), the relative speed of cooling tower fan
gfan (which determines air flow rate Mair) are selected
as control variables. The purpose of optimization
is to determine the optimal combination of these
control variables under different cooling loads and
ambient wet bulb temperatures Twb (both of which
are regarded as uncontrolled variables), which mini-
mizes the electric power of the entire system. Thus,
the performance index is the sum of the electric
power of the chiller compressor Pch; that of cooling
tower fan Pfan; and that of the condenser water
pump Ppump;

J 
X

P ¼ Pch þ Pfan þ Ppump:

The operation of the system has to be limited to certain
ranges of operating parameters to avoid practical
problems such as evaporator freezing, or compressor
surging. The operating ranges of the control variables
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Fig. 8. (a,b) Variation of optimal condenser water inlet temperatures
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Fig. 9. (a,b) Variation of optimal condenser water flow rate with wet

bulb temperature and cooling load.
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form a part of the system constraints during optimiza-
tion, which we have assumed to be:
(a)
 relative speed of condenser water pump:

0:4pgpumpp1:0;
(b)
 relative speed of cooling tower fan:

0:4pgfanp1:0;
(c)
 condenser water inlet temperature:

maxð18 �C;TwbÞpT cdwipmaxð29 �C;Twb þ 8 �CÞ;
(d)
 chiller outlet temperature:

T chwo ¼ 7 �C

ðbased on the indoor humidity requirementÞ:
The results of applying the algorithm proposed pre-
viously to the above system are summarized in
Figs. 8–11 which show the variation of the optimal
objective function and optimal control variables with
respect to the two independent or uncontrolled variables
(cooling load and ambient wet bulb temperature). We
note the following trends:
(i)
 Fig. 8(a) and (b) shows that both cooling load and
ambient wet bulb temperature have significant
effect on the optimal condenser inlet water tem-
perature. Increasing either one will increase the
optimal condenser inlet water temperature.
(ii)
 Fig. 9(a) and (b) shows that the ambient wet bulb
temperature has very little effect on the optimal
condenser water flow rate. The optimal condenser
water flow rate depends only on the cooling load.
(iii)
 Fig. 10(a) and (b) shows that the optimal cooling
tower air flow rate is more sensitive to the change of
cooling load than to change in ambient wet bulb
temperature. Further the value of optimal cooling
tower air flow rate increases with increasing cooling
load or decreasing ambient wet bulb temperature.
(iv)
 Fig. 11(a)–(c) also suggests that the total power con-
sumption is not very sensitive to the ambient wet bulb
temperature, especially for low cooling load region.
5.2. Implementation of real-time control scheme

Given the computational complexity, it is impractical
under real-time control to determine the optimal set
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Table 2

Coefficients of the model given by Eq. (44)

j a0 a1 a2 Model R2 (%)

T cdwi 4.551627 0.745485 7.903648 99.4

Mcw=Mcw des 0.321049 �0.00604 0.421814 98.8

Mair=Mchw des �0.00043 0.000912 0.612134 99.9
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points by using the proposed methodology directly.
Hence, it is necessary to derive simple control laws for
real-time system operation. One way would be to
develop regression models for each control variable
from the control map of that variable. The above
analysis indicates that a linear model represents the
control map data quite well. Adopting a linear model as
shown below:

j ¼ a0 þ a1Twb þ a2ðQload=Qload desÞ; (45)

where Twb is in 1C, results in the least-squares regression
coefficients for the three control variables shown in
Table 2.

The total power consumption of the system can be
expressed as

Ptot ¼ xTAx þ xTB þ C;

where x ¼ ½Twb Qload=Qload des�
T;

A ¼
0:006875 1:5258

1:5258 �31:372

" #
;

B ¼ ½�0:57429 185:9842�T; C ¼ 14:51182;

model R2 ¼ 99:9%:
6. Conclusion and future work

This paper proposed a general methodology for
optimizing the control of the existing building
HVAC&R system. The same methodology could, in
essence, be used for the optimal system design problem
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as well. A complete simulation-based sequential quad-
ratic programming (CSB-SQP) algorithm was developed
by coupling the module-based system simulation ap-
proach with the sequential quadratic programming
algorithm. A computationally efficient approach to
evaluating the function and derivative information from
the complete module-based system simulation is also
presented. A case study of a simple cooling plant system
illustrated the efficiency and robustness of this ap-
proach. This methodology can provide guidelines for
engineers to optimally control the building HVAC&R
system under different operating conditions. The meth-
odology can also be easily extended to deal with more
complete and complex energy systems as well.
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